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where E and E' denote the sets of curves, on F and F' respectively ŵ hich are transformed into the neighbourhoods of simple points on the other surface.
More generally, on a variety V d of d dimensions, the canonical system of F^-i's, and the canonical systems of lower dimensions which I have recently described 1 , are only relative invariants under birational transformation of V d , and it becomes an important problem to determine the way in which the presence of fundamental elements of various kinds affects the transformation of the canonical varieties. For a threefold this question has been solved by B. Segre 2 in a recent memoir, but the general problem is of considerable complexity, and is not yet solved.
There is, however, one case in which the problem is tractable, and it is with this that the present paper is concerned. This is the case in which the transformation T between V d and V' d , and ita inverse, possess fundamental points, but no fundamental varieties of higher dimension. Thus, assuming V d and V' d to be free from singularities, a simple linear system of F d _ 1 's on V d , free from base points, will be transformed by T into a linear system on V' d with at most a finite number k' of base points A', (v = 1, . . . . . k') , and a linear system on V' d which is simple and free from base-points will 1 J. A. Todd, " The geometrical invariants of algebraic loci," Proc. London Math. Soc. (2), 43 (1937), 127 ; "The arithmetical invariants of algebraic loci," ibid. (2), 43 (1937), 190 . We refer to these papers as I and II. ' 2 B. Segre, "Quelques resultats nouveaux dans la geometric sur une F a algebrique," Mem. Acad. royale de Belgique (2), 14 (1936). be transformed by T" 1 into a linear system on V d with a finite number k of base-points A^ (/* = 1, k). We suppose that the points A^, A' v are all distinct.
We shall obtain below the relations which hold between the canonical systems on V' d and the transforms of the canonical systems on V d under a transformation T of this character, and, as an application will show, for d ^ 6, the arithmetic genus of V d is unaltered by a birational transformation of this kind. We can therefore express any transformation T with only isolated fundamental points as the product of two transformations each of which has the property that it only possesses fundamental points on one of the two varieties concerned. We shall now suppose (until §7) that T itself is of this type, i.e. that T -1 has no funda-
3. Suppose then that T" 1 is free from fundamental points, while T
Since the points A^ and A v are distinct if /* and v are •different, it follows that the varieties 21^, 21, have no common points, -which we express symbolically in the form (»,»,) = 0 .
(
On the other hand, the virtual intersection of 21,, with itself will not in general be zero. 
Also, since the varieties M h have no assigned base-points, (M^ii^) = 0, so that
Now it is easily seen that M' hl is the Jacobian of the linear system \Sf +1) '\, the variable part of the transform of |^* +1 >| by T. 
When h = d -1 this becomes
TJsing (3) and (6) we obtain
and so
When h<d -1, on substituting in (9) from (3), (5) and (6), we get
' h S M\ + i'(-Y(
A +11 *) (^'
But {M' t . UJ = 0, (S r . 2JJ s 0, and so, using (1), i.e. (11) we see that it can be written in the form
If we write d -h for A in
where X h is found (after a little reduction) to be given by Since (11) holds for 0 ^ h <d -1, (12) holds for 1 < h ^ d; but from (10) we see also that (12) holds when h = 1, if we make the usual convention that ( ) = 1. Thus (12) 
and so the general law of transformation is
8 It is evidently sufficient to consider the case in which T has fundamental points on V d only, and not on V' d . "We first examine the effect of T on the intersections of the various canonical systems.
In the first place, since the points A^ are not assigned basepoints for any of the systems {X h }, it follows that (21,,. T (X d _ A )) = 0. Thus, from (1) and (12), 
where is independent of the h's and a's.
Since P a is a linear function of the invariants {h^1... .hf}, in order to prove that P a is the same for V d and V' d it is enough, by (17), to show that the same linear function of the quantities A^1.. .. A^' is equal to zero. The A's are determined by (13), so that the verification is reduced to simple substitution in known formulae.
For a V 3 it is known 1 that 24 (P a -1) = {21}
and to prove the invariance of P a it is thus only necessary to verify that A 2 Xi = 0; as is in fact the case, since A 2 = 0. and P a is invariant for F 6 .
